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Abstract. In this paper, we study the wR-equivariant cohomology of the weighted Grass- 
mannians wGr(d, n) introduced by Corti-Reid [4j where wR is the (n — l)-dimensional torus 
that naturally acts on wGr(d, n). We introduce the equivariant weighted Schubert classes and, 
after we show that they form a basis of the cohomology, we give an explicit formula for the 
structure constants with respect to this Schubert basis. We also find a particular rational ba- 
sis {w«i, • ■ • , wu n } of Lie(wR)* such that those structure constants are polynomials in wu;'s 
with non-negative coefficients (up to a permutation on the weights). Furthermore, we find the 
relation between the factorial Schur functions and our equivariant weighted Schubert classes. 

1. Introduction 

The weighted Grassmannian wGr(<i, n) introduced and studied by Corti-Reid 4 , following 
the work of Grojnowski, is a projective variety with at worst orbifold singularity with a torus ac- 
tion. It is a generalization of the ordinary Grassmannian and is defined in a weighted projective 
space by the well-known Pliicker relations as weighed homogeneous polynomials with appropriate 
weights. In this paper, we define the weighted Schubert classes and we show that they will form 
a basis of equivariant /non-equivariant cohomologies of wGr(<i, n) over Q-coefficients. Our main 
goal is to study the structure constants of the cohomology rings in terms of these weighted Schu- 
bert classes. The explicit formula of these structure constants for the weighted Grassmannian is 
cleverly derived from the Knutson-Tao's puzzle formula |16) for the ordinary Grassmannian, by 
detouring to the equivariant cohomology of the quasi-projective variety aPl(d, n) x defined in the 
affine space by the Pliicker relations. We have found appropriate equivariant parameters in which 
our equivariant structure constants are polynomials with non-negative rational coefficients when 
the weights are non-decreasing (hence this implies that the structure constants of the ordinary 
cohomology are also non- negative) . This is an analogue of the equivariant positivity proved by 
Graham |10) . although we do not have the geometric or representation-theoretic interpretation 
of those parameters, while as, in [10], they are the simple roots in the character group of the 
maximal torus when we regard the flag varieties as homogeneous varieties. 

Below we summarize our results in greater detail. Recall that the ordinary Grassmannian 
Gr(cZ, n) is the space of d-dimensional subspaces in the n-dimensional complex plane C™. It can 
be described as a non-singular projective variety of dimension d(n — d) defined by the well-kwown 
homogeneous polynomials (|2.4p . called the Pliicker relations. It is embedded in the projective 
space P(Ct d J") where {2} := {{Ai, • • • , A^} 1 < Ai < • • • < Ad < n} and C^J" is the affine space 
of the pliicker coordinates. Let aPl(d, n) be the affine variety in defined by the pliicker 
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relation and let aPl(d, n) x := aPl(d, n) — {0}. The n-dimensional complex torus Tc := (C x ) ra 
naturally acts on aPl(<i, n) and aPl(<i, n) x , through the homomorphism 

p:T c ^ {C x )id}, (*!,... ,t n )^{t x :=t Xl ---t Xd ) Ae |„ } . 

The Grassmannian Gr(d, n) is the quotient of aPl(d, n) x by the diagonal torus Dc C Tc and 
hence Gi(d,n) carries the residual action of the torus Rc ■= Tc/Ac- 

Following [4] , we define the weighted Grassmannian wGr(d, n) as the quotient of aPl(d, n) x 
by the locally free action of a "twisted diagonal" wDc in Tc : f° r w '■— {wi, ■ ■ ' € (Z>o) n 

and a e Z>i, let 

wZ) c := {(t*" 1+ V" eT c |feC x }. 

The weighted Grassmannian is defined as 

wGr(d,n) := aPl(d, n) x /wD c , 

together with the residual action of the quotient torus wi?c : = Ic/wOc- It is a projective 
variety with at worst orbifold singularities naturally embedded in the weighted projective space 
P w (c{d}) := (C{d) - {0})/p(wD c ) with the weights 

( w x := w Xl +■■■+ w Xd + a ) Ae {™} ■ 

In Section [21 we study the analogue of the usual Schubert cell (Bruhat) decomposition for 
aPl(cZ, n) x and wGr(d, n). Indeed, there is a decomposition of aPl(<i, n) x 

&p\(d,n) x = ]JaO A 

x 

lifted from the usual Bruhat decomposition Gr(d, n) — ]J A £l° x by the quotient map aPl(d, n) x — > 
Gr(<j,n). It descends to a decomposition of wGr(d,n) through the quotient map aPl(d, n) x — > 
wGr(<i, n): 

wGr(d,n) = JJwfi^. 

A 

We observe that the latter is a quasi-cell decomposition, i.e. each wf2 A is homeomorphic to a 
quotient of a complex plane by a finite group. By the standard arguments in algebraic topology, 
this allows us to show our first result (more technical versions of the claims will be in the main 
body of the paper). 

Proposition A (Proposition 12.121 12.131 below). The rational cohomology H*(wGi(d,n)) is 
concentrated in even degree. As a consequence, the equivariant cohomology H^ R (wGr(d,n)) is a 
free module over H* (BwR) where wR is the real torus in wRc . 

In this paper, all cohomologies are assumed to be over Q- coefficients unless otherwise specified. 

We also use the decomposition to introduce the corresponding Schubert varieties in aPl(d, n) x 
and wGr(d, n) as the closures of the "cells" : 

aO A ^aff = []aO°, wfl x := wHf = ]J wft° 

/^>A /i>A 

where > is the usual Bruhat order defined in (|2 . 1 [) and the second equality in each equation is 
shown in Proposition 12. 71 and 12.81 

In Section [3l we explain the key isomorphisms among the equivariant cohomology rings of 
Gv(d, n), aPl(e?, n) x and wGr(d, re). The claim seems fairly well-known and essentially follows 
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from the Vietoris-Begle mapping theorem, however we give a careful proof at Section [3] since 
we haven't found one in literatures. More precisely, consider the natural maps of the Borel 
constructions of those spaces: 

ER x R Gr(d, n) ET x T aPl(d, n) x EwR x wR wGr(d, n), 

where T, R and wR are the real tori in Tfc, Rc and wi?c respectively. Since the fibers of h and 
wh are the quotients of contractible spaces by finite groups, they induce isomorphisms on the 
rational equivariant cohomologies: 

Proposition B (Proposition 13. ll below). The pullback maps on the rational equivariant coho- 
mologies 

H* R {Gv{d,n)) — ^ H* T (aPl(d, n) x ) ff; fl (wGr(d, n)) 

are isomorphisms of rings over H* (BR) and H* (BwR) respectively. 

Having these isomorphisms, we introduce the Schubert classes &S\ in H^(aP\(d,n) x ) to be the 
T-equivariant classes [a^jr associated the closed irreducible T-subvarieties a^A and define the 
weighted Schubert classes wS\ in H^ R (wGi(d,n)) by 

wSx := (wh*y\aSx). 

Note that the usual equivariant Schubert class S\ in H R (Gr(d,n)) considered in [TB] coincides 
with (h*)- l (&8\) (see Corollary SU). 

Remark. Following [7] an d [H] • H^(aP\(d, n) x ) can be identified with the wR- equivariant co- 
homology of the quotient stack [aP\(d,n) x /wDc] and the isomorphism wh* is nothing but the 
identification of the (equivariant) rational cohomology rings of the weighted Grassmannian orb- 
ifold stack [aPl(d, n) x /wDc] an d its coarse moduli space wGv{d, n). Under these identifications, 
&S\ and wS\ should be regarded as the class associated to the wR-invariant substack [a£l\/wDc\. 
It should then coincide with the Poincare dual of the cycle [wQ\] up to the multiplicity of the 
substack [af^/wDc] in [aPl(d, n) x /wDc]. We leave this aspect of the theory to elsewhere. 

In Section^ we work out explicitly the GKM (Goresky-Kottwitz-Macpherson) descriptions of 
(aPl(d, n) x ) and H^ R (wGr(d,n)), following [5] and [5D]. Namely we observe that there is the 
following commutative diagram of injective localization maps combined with the isomorphisms 
h* and wh*: 

H* R (Gr(d, n)) A H*{BR) 

h* 

H* (aPl(d. // ) x ) N // 1 1 UT X ) 

wh* 

H^ R (wGr(d, n)) A H*(BwR) 

where T x is the kernel of T -> S x ,t H> t\. The GKM descriptions of H£(&P\(d,n) x ) and 
H^ R (wGi(d, n)) are obtained in Proposition l4.2l and l4.31 from the well-known one for H R (Gi(d, n)) 
by using the vertical isomorphisms. Furthermore, the upper triangularity of the image of &S\ 
and wS\ is given in Proposition 14.51 and 14.71 and as a consequence, we have 
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Proposition C (Proposition ^. 81 below) . {wSa}a is a basis of H^ R (wGr(d, n)) as a module over 
H*(BwR). 

This allows us to define the structure constants wcjj of H^ R (wGi(d,n)) by 
wS\ ■ wSfi = ^ wc^wS„ where wc^ E H*(BwR). 

V 

Since T = we let H*(BT) = Q[ yi , ■■■ ,y n ] where {yj is the standard basis of Lie(T)*, 

the space of Z- linear functions on the integral lattice of T. Consider the subspace of Lie(T) J <g) Q 
generated by 

w l+1 -Wi , 
w«, := [Vi+i - Hi) yu for i = 1, • ■ • , n - 1, 

where id G {^} is the unique minimum element in the Bruhat order and y\ := y\ ± + • • • + y\ d . 
By the surjection T — > wR, we can regard H*(BwR) as a subring of H*{BT) and identify 

H*(BwR) = Q[wmi,--- ,wm„_i] C H*(BT). 

Under this identification, we prove, in Section [5J the following equivariant positivity: 

Theorem D (Theorem 15.41 below). If w± < ui2 < • • • < w n , then wc^ is a polynomial in 
witi, • • • , ~wu n -i with non-negative rational coefficients. 

This positivity is actually based on the explicit formula of wc^ in terms of the equivariant 
puzzles introduced by Knutson-Tao j!6j . For every puzzle, we choose a total order on the set 
of equivariant pieces once and for all. Let P be a puzzle satisfying dP = . Let p be an 
equivariant piece in P, whose weight is wt(p) := yj — y^j > i, i.e. p pokes out the i-th and j-th 
place on the south side of P. For each £ S {2}, let 

w{p) 

Let (pi, • • ■ ,p r ) be the set of equivariant pieces in P and £ fe — > ■ ■ • — > £° a covering sequence in 
{2} with A; < r, i.e. f' > .f" 1 and = + 1. We then introduce a notation 

wtA-^(P):= £ 

l<il<-<ifc<r 

wt« (pi)---wt« (Pii-x) Wt ? (Pfi+l) • ■ • Wt ? (Pi 2 -l) 

•wt« 2 (p i2+1 ) • • • wt"^ 1 (p ih -i) • • wt« fe • • • wt** (p r ). 

U>£fc-l 

Now we arrive at the manifestly positive formula for wc^ : 
Theorem E (Theorem IQl below) . 

/ \ 



wt 5 (p) := (yj - yi ) y% G Q[wR*], where w(p) := Wj - Wi. 



puzzle P 



E wt"(P) + E E wt^-^^(Q). 



puzzle Q 



\9P=A^ / >i/ fc >A,/i gQ—A 



Remark that the w-weights in this expression depend on the orders of the equivariant pieces 
in P and Q, but wcj doesn't depend on the order. The positivity follows from Proposition 
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which states that wt"(P) and wt" ,V (Q) are polynomials in witj's with non-negative 
coefficients when w\ < ■ ■ ■ < w n . 

We derive this formula from the Knutson-Tao's formula for the structure constants c\^ of 
Hft (Gr(d, n)) through the isomorphisms h* and wh* in Proposition B. Namely, by the isomor- 
phism h*, the Knutson-Tao's formula translates to 



aSxaSft — wt(p r ) ■ ■ ■ wt(pi) &S V in H^(aP\(d, n) x ), 



r}>\,fi puzzle P 
dP=A1 

Theorem E is obtained from this, by inductively applying the following formula in (aPl(d, n) x ), 
which is essentially equivalent to the equivariant Pieri-rule in H^ t (Gi(d, n)): 

Proposition F (Proposition 15.21 below) . Let p be an equivariant piece of a puzzle. Then 

wt(p)a£„ = wt v (p)aS v + V ^-!-a,S v ,. 

We define the non- equivariant weighted Schubert classes wS\ in the ordinary cohomology 
H* (wGr (d,n)) as the image of wS\ under the projection H^ R (wGr(d, n)) — > H* (wGr(d,nj). 
Under the natural isomorphism ff*(wGr(d, nj) = H* D (aPl(d, n) x ), wS\ corresponds to the 
wD-equivariant cohomology class [af2,\]wD associated to the invariant subvariety Then the 
ordinary structure constants wc^ are given by the non-equi variant limit wtti = • • • = ww„_i = 0. 
Thus we obtain the formula for wc^ in terms of the structure constants of H*(Gn(d, n)) 
computed in [IT] and computed in [TB] as a polynomial in iij := 2/i+i — yc 

Corollary G (Corollary 15.61 below) 



E 



if l(X) + l(p) = 1(f) and is otherwise. If W\ < 102 < • • • < i«„, wc^ is non-negative for all 

X,n,ve { n d }. 

Remark. We can apply a permutation to the index (1, • • • , n) so i/iai i/ie weights {u>i, • • • , io„} 
are non- decreasing without changing the space wGr(d, n). We can always find a Schubert basis 
that satisfies the positivity. 

We conclude Section [5] by including the equivariant weighted Pieri rule (Lemma 15. 8p and 
also the examples of wGr(l,n) and wGr(2,4). The space wGr(l,n) is the well-known weighted 
Projective space and its integral cohomology are first studied by Kawasaki 13 and its equivariant 
cohomology by Bahri- Franz- Ray 2^ and Tymoczko [24]. We discuss the relation of our Schubert 
basis to Kawasaki's basis over Z-coefficients at Example 15.111 For wGr(2,4), here are a few 
examples of the structure constants: 

W5 2 3w5i4 = ( (yi - j/i ) - (ll>4 - u>i)^- )v?Si3 + — — — -W5i2, 

V W 13 / Wi3 
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W5 2 3W523 = ( (2/4 ^ 2/2) - (w 4 - W2)— J ( (2/4 - 2/3) - (W4, - W3)— )w5 2 3 
V W23 ' ^ W23 / 




As you can see, with the help of Propsotion l5.51 the assumption w\ < • • • < W4 makes sure that 
the coefficients are positive. 

Finally, in Section [6j we study the relation between the factorial Schur functions s\(x\a) 
and our equivariant weighted Schubert classes wS\. Namely we generalize [161 Lemma, Section 
6] (see also [35], [3TJ Theorem 2.1]) that describes the restriction of S\ to a fixed point by a 
specialization of the corresponding s\(x\a). 
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by the Korea government (MEST) (No. 2012-0000795, 2011-0001181). He also would like to ex- 
press his gratitude to the Algebraic Structure and its Application Research Institute at KAIST 
for providing him an excellent research environment in 2011-2012. 

2. Weighted Grassmannians and Weighted Schubert Varieties 

In this section, we recall the definition of the weighted Grassmannian wGr(d, n), following [3]. 
We study the coordinate charts and obtain a quasi- cell decomposition which generalizes the usual 
Schubert cell decomposition of the ordinary Grassmannian Gr(c?, n). This allows us to define the 
weighted Schubert varieties by taking the closure of each cell and also as a consequence, we show 
that the odd degree classes of the rational cohomology of wGr(d, n) vanish. 

For positive integers d and n such that d < n, let [n] := {1, ■ ■ • , n}, and 

{3} := {A C[n] I \X\ = d}. 

We denote the elements of A by Ai, • ■ • , A^ where Ai < • • • < A<j. For X,fi£ {2}, we define the 
Bruhat order by: A < fj, if 

(2.1) Xi > m for alH = 1, ■ • ■ ,d. 

We define the lexicographic order by: A <i ex M if there exists an integer 1 < j < d such that 

(2.2) A; = Hi for al i < j, and Xj < 

An inversion (k,l) of A is a pair of k e A and I ^ X such that k < I. Let inv(A) be the set 
of all inversions of A. The length l(X) of A is defined to be the cardinality of inv(A). For each 
(k, I) € inv(A), let (fc, l)X be the element of {2} obtained by replacing A: in A by I. Let 

[A] :={Me{3} I |An M | = d-i}. 
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Then [A] = [A]+ T][A]_ where [A]_ := G [A] | n < A} and [A]+ := {/i G [A] | fi > A}. Note that 
there is a bijection inv(A) = [A]_, sending (k,l) to (k,l)X. We say that A covers fx if ix G [A]_ 
and /(A) = /(/i) + 1, and denote A — > /i. 

2.1. The weighted Grassmannian. Let C™ be the complex n-plane with the standard basis 
{fiiii € [n]} and /\ C™ its d-th exterior product with the induced basis 

{ex :=e Xl A • • • A ex d , A G {2}}. 

We identify /\ C™ with the coordinate space C^df where each x £ /\ C n corresponds to the coor- 
dinate vector { x x)xe{2} w ^ res P ec t to ca's. We also denote each coordinate xx by x(Xi ■ ■ ■ X n ). 

Let Tc := (C x ) n and (C x ){d} be the complex tori acting canonically on C™ and C^d} respec- 
tively. Consider the following Tc-equivariant map 

d times 



A d :C"x-xC"4 /\ d C n ; (z u ■ ■ ■ , z d ) ^ z x A ■ ■ ■ A z d 
where Tc acts on the domain diagonally and, to the target through the map 

(2.3) p:T c ^(C*){d} ; t=(t l5 ... ,i„)^(*A:=IL e A*/K e{ «}- 

Let aP\(d, n) be the image of A d which is Tc-invariant. 

Let w := (wi, ■ • • , w n ) G (Z> ) n and a G Z>i. We introduce 

wDc := {(t dwi+a , ■ ■ ■ i t dWn+a ) G Tc | i G C x } and wR c := T c /wD c . 

Note that 

p(wD c ) = {(^ A ) A G (C x ){3i iGC x }, where w A := a + ^V> ; . 

In the case when w = (0, ■ • • , 0) and a = 1, we write T>c for the diagonal in C-id} and Rc = 
Tc/Dc- We denote the corresponding compact real tori in the complex tori by T, wi?, wD, i? and 
D respectively. 

Definition 2.1 (Corti-Reid [4]). Let aPl(d, n) x := aPl(d, n) — {0}. The weighted Grassmannian 
wGr(d, n) is the projective variety with at worst orbifold singularities, given by 

wGr(<2,n) := aPl(d, n) x /wD c . 

The quotient torus wi?c acts on wGr(d, n). The ordinary Grassmannian Gr(d, n) is the special 
case when w± = • • • = w n — and a = 1, i.e. Gr((i, n) = aPl(d, n) x /-De. 

Remark 2.2. In [4], the C x -action which defines wGr(<i, n) as a quotient of aPl(d, n) x is actually 
given by the map C x — >■ p(wDc), £ H> (£ U,A )\; but obviously it defines the same algebraic variety. 

2.2. The Charts for aPl(d, n) x and wGr(d, n). Extend the notation x(h, ■ ■ ■ , Id) to any (not 
necessarily increasing) sequence (h, - ■ • ,ld) of integers in [n] by the rule 

% (^1 ; ; ; 5 " " ' i ^c/) *^(^1;'"' ) : ^p: l^d) 

for any integer 1 < p < d — 1. It is known that aPl(d, n) x is a non-singular quasi-projective 
variety in Cl^J" — {0} defined by of the Pliicker relations (c.f. |15|): for any sequence of integers 
1 < ji, ■ ■ ■ ,jd-i, h,--- Jd+i < fi, 

d+l 

(2.4) l)^0'i.--- Jd-i,k)x(h,--- ,h,--- Jd+i) = 0. 
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Consider the following Tc-stable open neighborhood of e\ in aP\(d, n) x : 

&U X := {x £ aPl(d, n) x \ x x ± 0} . 

It is clear that aPl(d, n) x is covered by a.U x, s, and moreover we have the natural Tc-equivariant 
coordinates on each &U X . Let C' A ' be the subspace of d d J" corresponding to the subspace 
generated by {e^, fx g [A]} and consider the natural projection 

(2.5) : aC/ A -> C x x ; x ^ (x x , (^) m6[ a]) ■ 

This is a Tc-equivariant homeomorphism where Tc acts on the target through the map 
PA :T C ^(C X ){3}^C X x(C x )[ A l ; t (*a, (VW])- 

Indeed, the inverse of i/'a is constructed as follows (c.f. [15l p. 1065]). For each i — 1, ■ ■ ■ ,d and 
! 6 [n], let 

n\ x (^i ' • " Aj-iZAj+i • • • Ad) 
^a 

and consider the vectors pt := X)ILiP«(0 e ( £ C n . The numerator of each coefficient is ix^ with 
/i G [A] if Z e [A]\{Aj}, x\ if / = A«, and zero otherwise. Thus we can define by assigning 
y := x\pi A • • • Apd to each 5 := (ar^, (ar M ) jue [x]) G C x x C' A '. It is straightforward to check that 
Vn = for all fi G [A] and y x = x\, i.e. ip\(y) = x. 

Passing to the quotient, we obtain the natural wi?c-equivariant affine charts of wGr(d, n). Let 

wU x := aU x /wD C - 

Then tjj\ induces a homeomorphism 

^ A : wU x A (C x x C [x] )/px(wD c ) S C [A1 /G A 
where G\ is a finite cyclic subgroup of (C X )I A 1 given by 

Ga = {(t^W] e (C X ) [A1 | t G C x and t»» = l} . 

2.3. The Schubert cell decompositions and Schubert varieties. Consider the (C x ){d\- 
invariant decomposition of d2> - {o} 

d3>-{0}:= ]J C A 

where 

C* A := |.t G dd} - {0} x A ^ and x^ = for all n > iex a} . 
By restricting the above decomposition to aPl(d, n) x , there is the Tc-invariant decomposition 

(2.6) aPl(d,n) x = JJ_ afi A where afi A := aPfoi, n) x n C x . 

Since aPl(d, n) x HCa C &U x , we have aO A = &U X C\C\. The following lemma helps us to describe 
the image of aft^ under the chart tp\ (Cor l2.4j) . 

Lemma 2.3. Let x G aJJ x . The following are equivalent: 

(i) x^ — /or a// /i G [A]_ . 

(ii) x^ = /or a/Z /i >i ex A fi.e. x G aO^J. 

(iii) 2^ = /or all fi ^ X. 
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Proof. Since we have the implications v G [A]_ => v >i ex A => v A, it is clear that (Hi) =4> 
(m) (i). We prove that (i) implies (hi). Assume (i) and let v ^ A. We use induction on the 
number k := d — \v PI A|. If fe = 1, v ^ A implies v € [A]_. Thus av = 0. In general, choose an 
integer 1 < s < d such that v s ^ A. For 1 < i < d such that Xi g" v, let i/W := (z^\-{V s }) U {A,} 
and A« := (A\{AJ) U {v.} in {g}. Then we claim that 

(2.7) A^A^orA^i/W. 

Indeed, A < A W implies ^ s < A^, i.e. i/W < ^. Therefore, together with A < i/W, it implies 
^ > A. Thus the negation of (|2.7[) leads to a contradiction. Now, consider the Pliicker relation 
for the sequences U\, ■ ■ ■ , v s , • ■ ■ , v& and Ai, • • • , A^, v s 

(2.8) x v x x = ^2 ±x v (i)X x a) 

l<i<d 

where the signs are chosen appropriately according to (|2.4[) . Since we have d—\v^ri\\ < d— |^nA 
and d — |Aw n A| = 1, the induction hypothesis implies that x u a) = or x x a) = by (12. 7|) . 
Therefore (|2.8p becomes x v x\ = 0. Since x\ ^ by a; € a[/ A , we have a;„ = 0. □ 

Corollary 2.4. Under the chart tp x , we have aQ° x = C x x C [A] + x {0} [A K 

Since the decomposition ()2.6[) is Tc-invariants, it descends to the quotient wGr(d, n) and gives 
the wi?c-invariant decomposition. We call this decomposition a quasi-cell decomposition because 
each "cell" is actually homcomorphic to a Euclidean space modulo a finite group. 

Proposition 2.5. 

wGr(<i, n) — Ua<e{2} w ^a where wQ^ := afi^/wDc- 
Under the chart wfl° x = C [A1 + /G\. 

Definition 2.6. For each A £ {^}, we define the Schubert varieties in aPl(d, n) x and wGr(d, n) 
as Euclidean closures of afi^ and wfi^ respectively, i.e. 

:= afi^ and wil^ := wfi?. 

We will call wf2> the weighted Schubert variety corresponding to A. 

The next proposition seems well-known but for the sake of completeness we will give a proof 
in the appendix. 

Proposition 2.7. 

afl A = [] aO°. 

^i>A 

The following proposition is a corollary. 
Proposition 2.8. 

Proof. It is clear from Proposition 12.71 that wfl\ D LIa< m w ^- Let [a;] £ wf2x- There exists a 
sequence {[a;*]}"^ c w ^a sucn that [a;*] — » [a;] as i — oo. Lemma [231 shows a:^ = for all ?/ ^ A. 
This implies that x v — for all ry f_ A. Thus a; must lies in wf2° for some [i > A. □ 
As corollaries, we can also write a£l\ and w^a explicitly as subvarieties of aPl(d, n) x and 
wGr(d, n) respectively. 
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Corollary 2.9. af^A = {x £ aPl(d, n) x x u — for all v ~g_ A}. In 'particular, the complex codi- 
mension of in aPl(d, n) x is the length l(X) of X. 

Proof. Let x g By Proposition 12. 71 x is contained in af2° for some fi > A. If v ^ A, then 

v ^ H so that = by Lemma |2~51 On the other hand, suppose that x is in the RHS. Then x 
afiy for all v ^ A. Therefore a; € IJ m >a a ^ = a ^A- Finally dima^A = dimaf^ = d(n — d) —/(A) 
by Corollary HH □ 
The previous corollary immediately implies the following. 

Corollary 2.10. w£l\ = {[x] £ wGr(d, n) \ x v — for all v f_ A}. In particular, the codimen- 
sion ofwQ^ in wGr(d, n) is the length l(\) of X. 

Remark 2.11. The varieties a,£l\ is irreducible in aPl(c?, n) x since it is a closure of fi^. From 
this, it also follows that w£l\ is an irreducible variety. 



2.4. Vanishing of the odd degree. The quasi-cell decomposition in Proposition 12.51 allows 
us to show that the odd degree of the rational singular cohomology H*(wGi(d, n)) vanishes. 
As a consequence, the Serre spectral sequence for the fibration EwR x w r wGr(d,n) — > BwR 
degenerates at i?2-stage and the wR-equivariant cohomology is free over H*(BwR). In this 
paper, all cohomologies are assumed to be over ^-coefficients unless otherwise specified. 

Proposition 2.12. 

if i is even, 



H l {wGv{d,n)) = 




if i is odd. 



Proof. The argument of Appendix B in [8] can be applied to the quasi-cell decomposition, and 
we obtain 

(2.9) jTi(wGr(d,n)(d,n))S Si(wf^) 

dimwGr(d,n)-2i(A)=j 

where -ff* is the rational Borel-Moore homology. The following is a standard fact (For a proof, 
see Section [7721 in Appendix): 



(2.10) i? 4 (w^)=^( C W-/GA)=<! Q [U - 21 ^ 

if otherwise. 




Hence, we obtain 

Hi(wGi(d,n)) = 



0dimwGr(d,n)-2i(A)=i Q if * is even > 

if i is odd. 



Since wGr(d, n) is covered by the locally contractible charts {wU x }, we see that wGr(d, n) is a 
compact locally contractible space. Hence, the singular homology and the Borel-Moore homology 
agree ([531 Lem.14, sec. 10, chap. 6]): 

Hi{wGx{d,n)) ^ Hi(wGr(d,n)). 

By applying the rational Poincare duality (c.f. [TJ Proposition 1.28]), we obtain the claim. □ 
Recall that the rational equivariant cohomology for the wR- action on wGr(d. n) is defined as 
the cohomology of the Borel construction, i.e. the total space of the fibration 

wGr(rf, n) <-t EwR x wR wGr(d, n) -> BwR, 
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where EwR — > BwR is a universal principal wi?-bundle with the contractible total space and 
EwR x W RwGr(d,n) :— (EwR x wGr(<i, n))/wR. The pullback of the projection to BwR defines 
the 7J*(i?wi?)-module structure of H^, R (wGr(d,n)). Since the fiber wGr(d, n) is path-connected, 
the vanishing of odd degree classes implies that the Serre spectral sequence of this fibration 
collapses at -EVstage. This implies the freeness of H^ R (wGr(d, n)) as a H* (BwR)-modu\c: 

Proposition 2.13. As H* (BwR) -modules, 

H* R (wGr(d,n)) ^ H*(BwR) ® Q H*(wGr(d, n)). 

In particular, H^ R (wGr(d,n)) is a free module over H* (BwR). 

3. Equivariant Weighted Schubert Classes 

Recall that T,wR and R be the real tori in Tc,wRc, Rc respectively. In this section, we dis- 
cuss the relations among the rational equivariant cohomologies H^(aP\(d, n) x ), H^ R (wGr(d, n)), 
and H R (Gi(d,n)). In fact, they are isomorphic as rings, while they are modules over different 
polynomial rings. In H^(aPl(d, n) x ), there are geometrically defined cohomology classes &S\ 
associated to the varieties We define our equivariant weighted Schubert classes wSx in 

H^ R (wGi(d,n)) as the classes corresponding to &S\ under the isomorphism. 

The quotient maps from aPl(d,n) x to wGr(ei, n) and Gr(d, n), and from T to wR and R, 
induce the following commutative diagram of the Borel constructions: 

ERx R Gr(d, n) ^ ET x T aPl(d, n) x — EwR x wR wGv(d, n) 

BR ^ BT BwR 

By the functoriality, the pullback maps 

h* : H R (Gr(d,n)) -> F£(aPl(d, n) x ) and wh* : H* R (wGv(d, n)) -> H^(aP\(d,n) x ) 

are homomorphism of rings over the polynomial rings H * (BR) and H * (BwR) . The proof of the 
following proposition is postponed until after we define the weighted Schubert classes. 

Proposition 3.1. The maps h* and wh* are isomorphisms as rings over the poylnomial rings 
H*(BR) and H* (BwR) respectively. 

Definition 3.2. Let A € {^}. Since each variety is a closed T-invariant irreducible subvari- 
ety in a non-singular quasi-projective T- variety aP\(d, n) x , the standard argument (c.f. [51 Ap- 
pendix B]) allows us to define the T-equivariant class [afi^T associated to a£l\ in H^(aP\(d, n) x ): 

aS A := [&n x ] T e HT W (&P\(d,n) x ). 

We define the wR- equivariant weighted Schubert class by 

wS x := (wh^-^aSx) e H^ X) (wGr(d, n)). 

The equivariant Schubert class S\ for the ordinary Grassmannian Gr(d, n) is defined as the R- 
equivariant class associated to the ordinary Schubert variety £l\ as usual. We will see that S\ 
maps to &S\ by h* in Section fQl 



12 



HIRAKU ABE AND TOMOO MATSUMURA 



Remark 3.3. Following [7] and [18] . H^(aP\(d 1 n) x ) can be identified with the wR-equi variant 
cohomology of the quotient stack [aPl(d, n) x /wDc] and the isomorphism wh* is nothing but 
the identification of the (equivariant) rational cohomology rings of the weighted Grassmannian 
orbifold stack [aPl(d, n) x /wDc] an d its coarse moduli space wGr(d,n). In these identifications, 
aS\ and wS\ should be regarded as the class associated to the wi?-invariant substack [af2^/wDc]. 
It should then coincide with the Poincare dual of the cycle [wf2,\] up to the multiplicity of the 
substack [afl\/wDc\ in [aPl(d, n) x /wDq] . We leave this aspect of the theory to elsewhere. 

Proof of Proposition IBTTl The claim follows essentially from the Vietoris-Begle mapping the- 
orem, but we need to prepare the description of wGr(rf, n) as the quotient of a compact space 
by a real torus. 

Since the wD-action on factors through the canonical (S 1 )^^ -action, it is hamiltonian 

with the standard moment map. Since aPl(d, n) x is a wD-invariant symplectic submanifold of 
c{d} , there is the induced moment mapQ 

* : aPl(d,n) x -> R ; x i-> ~ ^ dwx\x x \ 2 - 

For a regular value £, the preimage M := \l/ _1 (£) is a compact T-invariant submanifold of 
aP\(d, n) x . Moreover there is a T-equivariant deformation retraction from aPl(d, n) x to M 
given by the homotopy 

F:aPl(cU) x x I -> aPl(d,n) x ; (x, s) ^ ((s^^(x) + (1 - s))x x ) 

Thus, the inclusion i : M ^ aPl(rf, n) x induces the isomorphism: 

(3.1) l* : H'^(M) — ► H^(aP\(d,n) x ). 

Passing to the quotients, we obtain the wi?-equivariant map I : M/wD —> wGr(d, n). This map 
can be shown to be a homeomorphism by a direct computation (See also |14[ Theorem 7.4]). 
Hence, we obtain the isomorphism: 

(3.2) I* : H* R (M/wD) — > H* R (wGv(d, »)). 

Let 9 : ET Xr M — > EwR x wR M/wD be a map induced by the quotient maps M — > M/wD and 
T wR. Then we have the following commutative diagram. 

(3.3) H* R (wGv(d,n)) — - i^(aPl(d, n) x ) 

wh 



H* R (M/wD) — H^M) 

Thus wh* is an isomorphism if 9* is an isomorphism, which we prove in the next lemma. □ 

Lemma 3.4. Let M be a compact manifold with a smooth action of a torus T. Let G C T 
be a subtorus that acts on M with finite stabilizers. Let R := T/G. Then the natural map 
9 : ET Xj M — > ER Xr (M/G) induces an isomorphism of rings over H*(BR) on the rational 
equivariant cohomology 

9* : H£(M/G) -> H$(M). 



iHere we identify Lie(wD) e< Lie(S l ) = R by the map S 1 -> wD(t ^ (t*"i+ < », . . . t t dw «+ a )). 
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Proof. We will show that 8* : H R (M/G) — > H\(M) is a ring isomorphism for each i > 0. We 
take ET = {S°°) n and BT = (CP 00 )" where dimT = n. The inclusions ET m := (S* 2m+1 )" ET 
and BT m := (CP™)" — > BT approximate the bundle ET — > BT and induce the canonical 
isomorphism a* : H^(M) — > H l (ET m XjM) for a sufficiently large to. Consider the composition 
ip : ET m ET £R of the approximation map and a universal map for the quotient map 
T — >• R. There is a commutative diagram and its pullback diagram: 

ERx R (M/G) < ET x T M H l R (M/G) H l T (M) 




ET m x T M H l (ET m x T M). 

Since a* is an isomorphism for large to, it suffices to show that Q* m is an isomorphism. Observe 
that we can write 9 m — f o s where 

s: ET m x T M ERx R (ET m x G M) ; [a,x] r ^ [(p(a), [a,x\ G ] R , 
f:ERx R (ET rn x G M) -»■ x R (M/G) ; [0, [a,x] G ] R ^ [/?, [x]g]r. 

It is easy to see that s is a section of g : ERx R (ET m xqM) — > ET m x T M sending [ft, [a, x]q] r h-> 
[a, xjj whose fiber is the contractible space ER. Therefore s* is an isomorphisrrQ On the other 
hand, the preimage of / at [ft, [x]c] R is homeomorphic to ET m /G x where G x is the isotropy of 
the G-action at x £ M . Let us denote H* the rational Alexander-Spanier cohomology. Then we 
have@ 

(3.4) H p (ET' n /G x ) = for < p < m. 

The projection /' : ET m xq M — > M/G is closed since it is a map from a compact space to a 
Hausdorff space. This implies that / is a closed surjection, by chasing the following commutative 
diagram of projections 

ER x (ET m x G M) — *- ER x (M/G) 

ER x r (ET m x G M) ER x R (M/G) 

where the vertical maps are closed since R is compact (c.f. Proposition 1.58 in [12 ). Observe 
that ER Xr {ET m Xg M) and ER x R (M/G) are locally contractible, paracompact Hausdorff 
spaced). Together with (|3.4|) . the Vietoris-Begle mapping theorem ([531 Thm.15, Sec. 9, Chp.6]) 
shows that 

/* : H p (ER x R {ET m x G M)) -> H P (ER x R (M/G)) 

is an isomorphism for all p < m. Since the Alexander-Spanier cohomology and the singular 
cohomology are naturally isomorphic for locally contractible paracompact Hausdorff spaces ( |23[ 
Cor. 5, Sec. 9, Chp6]), the pullback /* for the singular cohomologies is also an isomorphism for 

2 This follows from [6]; Corollary 3.2. Note that every open covering of the base of the BwR-bundle g is 
numerable since the base of g is compact (see [6]; p. 226). 

■^We can use Theorem 5.30 in |12| with Theorem 5.8 and the comment in Example 1 in p. 250 since H* and 
H* are isomorphic for locally contractible paracompact Hausdorff spaces. Observe that the G^-action comes from 
the T-action. 

4 M/G is locally contractible because of the equivariant tubular neighborhood theorem. 



14 



HIRAKU ABE AND TOMOO MATSUMURA 



all degree p < m. Finally we can conclude that 9* n is an isomorphism for all degree p < m since 

m = f O S. □ 

4. GKM Descriptions and Schubert Classes 

In this section, we study the combinatorial presentations of H^ R (wGr(d, n)) and H^(aP\(d, n) x ), 
now known as the GKM theory developed in [5J. This allows us, in particular, to show that 
the equivariant weighted Schubert classes wS\,\ € {%} form an _ff*(_Bwi?)-module basis of 
H* R (-wGr(d,n)). 

Recall that H*{BT) can be canonically identified with the symmetric algebra Sym(Lie(T) J ® 
Q) where Lie(T)J is the space of Z- linear functions on the integral lattice Lie(T)^ C Lie(T). Since 
T = (S 1 ) n , we identify its Lie algebra Lie(T) with R™, so that we have the Z-basis {j/i, • • • , y n } 
of Lie(T)J dual to the standard basis of Lie(T)z- Let 

Q[T] := H*(BT) = Sym(Lic(T)J ® Q) = Q[y u ...,y n }. 

We adapt the same notation for all other tori except that T is the only standard torus such 
that the canonical generators y^s of H*(BT) are given. The quotient map T — > wR induces the 
injection Lie(wR)J Lie(T)J and hence we will identify Q[wR*] with the image of the induced 
embedding Q[wR*} ^ Q[T*]. Similarly we will identify Q[R*] with the image of Q[R*) c — > Q[T*]. 

We shall start with the GKM theory for i?-action on Gr(d, n) studied in [16J . The R- fixed 
points in Gr(d, n) are the points [e M ] corresponding to the vector e p in aPl(d, n) x . We identify 
H R ([e^]) with Q[i2*]. The restriction map to the fixed points 

(4-1) H* R (Gv(d,n)) ^ Q[R*}; 7 ^ (tUW{«} 

is injective and the image is given by 



(4.2) \ a = (a( M )) M e Q[iT 



a(A) - a(ji) is divisible by y> - y^ 
for any A and jj, such that |A D n\ = d — 1 



where y p := ^ ie ^yi for all E {2}- Note that y\ — y^ £ Lie(i?)| since the linear function 
Vx — Dp restricted to Lie(Z?)z is 0. 

Remark 4.1. In [IB], the authors consider the action of T" = (S 1 ) n on Gr(<i, n) though a map 
T" — > i?. Their presentation is valid in our set-up since H R (Gr(d, n)) injects to H^, (Gr(cZ, n)) as 
rings over Q[i?*]. 

Now we turn to wGr(d, n) and then aPl(<i, n) x . The fixed points of the wi?-action on wGr (d, n) 
are also the points [e M ] 6 wGr(d, n) corresponding to the vectors e M . We can naturally identify 
H^ R ([e^]) = Q[wR*] and so we have the restriction map 

(4.3) H^(wGr(d,n))— > Q[wiT], 7 frU)^"} 

For aPl(<i, n) x , we restrict i?T(aPl(d, ™) x ) to complex 1-dimensional orbits of Tc instead of 
restricting to the fixed points. The complex 1-dimensional orbits of Tc are given by C x e Al . For 
each n G {^}, let T M be the isotropy subgroup at e M for the T-action on aPl(d, ri) x . It is the 
kernel of the map T — > S 1 sending (t%,--- ,t n ) to :— ■ ■ ■t ild so that it is not hard to see 
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that Tfj, is connected. Thus, with the natural isomorphisms .ffr(C x e M ) = Hr^e^) = Q[T*], we 
obtain 

(4.4) fl£(aPl(d,n)*)— >• Q[T;}, P ^ (PU) Me{3} 

Putting (|4.1l 14.31 14.4|) together with h* and w/i*, we have the commutative diagram 

(4.5) H* R (Gv(d, n)) 0„ Q[iT] 



ff£(aPl(d,n) 

wh* 

H* R (wGr(d,n)) 

where the right vertical maps are induced from k m : — > T — > R and wk m : — > T — > wR 
and they are isomorphisms because and wk^ have finite (or trivial) kernels. Also note that 
the inclusion T M — > T induces the surjection Lie(T)J -4 Lie(T M )J and Lie(T M )J = Lie(T)^ i /(y fl ). 
Thus we identify 

Q[T;] £ Q[T*]/(^). 

The following are obtained by translating (|4.2I) to _ffy(aPl(e?, n) x ) and H^ R (wGi(d, n)) via the 
diagram (|4.5p . 



Proposition 4.2 (GKM for wGr(d,n)). TTie restriction map is injective and the image 

given by 



a(X) - a(fi) is divisible by w^yx - w x y^ 
for any A and /i such that |A n /i| = d — 1 



ae Q[wR* 

-ffere noie i/iai u^^/a — w\y^ G 

Proposition 4.3 (GKM for aPl(ci, n) x ) . TTie restriction map * s injective and the image 

is given by 



p £ qp; 



P(A)=P(/i) *n Q[T*]/(y A ,^) 
for any A and /i such that A n fi \ = d — 1 



Proof of Proposition \4-'J\ and Proposition [ 
The injectivity of the maps (|4.3I) and (|4.4p follows from the injectivity of the map (|4.1I) by the 
commutativity of the diagram (|4.5j) . What is left is to check that the GKM conditions are 
equivalent under the isomorphisms k* and wk*. We prove it for wk because k is a special case 
of wk. First note that, in Proposition 14.21 a(X) — a(n) is divisible by w^yx — w\y^ if and only if 
a(X) — a(fi) = in Q[wR*]/(w )J ,y\ — wxy^). Therefore the GKM conditions are equivalent under 
wk* if wkJ and wk* induce the isomorphism 



\wR* 



Q[T* 



/^w<(/) = w<(/). 



This map is obviously well-defined. It is also easy to check that this is an isomorphism. 



□ 
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Remark 4.4. Proposition 14.21 can be proved directly as a consequence of [9j Theorem 7.2] by 
studying the data of and 1-dimensional wi?-orbits and Lie algebras of isotropic subgroups of 
wi?-action on wGr(d, n). For this alternative proof, see Section [7.31 in the appendix. Proposition 
14.31 can be also shown directly from Theorem 5.5 in [20] by using the description of wGr(d, n) as 
the symplectic quotient of aP\(d,n) x by the real torus wD explained in Section [3J 

In the rest of the section, we compute the certain values of the Schubert classes aS\ and wS\ 
under the restriction maps. As a corollary, we show that the Schubert classes S\ in H^(Gr(d, n)) 
correspond to the classes a^A in H^(aPl(d, n) x ) under h* as expected. Also we show that the 
weighted Schubert classes wS\ will form an H * (BwR)-module basis of H^ R (wGi(d,n)). 

Proposition 4.5. 

*&U = {° l^ X ' in®[T*]/{y») 

Ul(M)einv(A)f(fc.OA */M = A . 

Proof. Let Y := aP\(d,n) x for brevity. By the construction (c.f. Appedix B.3]), the class 
&S\ maps to the equivariant Euler class xt(N°) by the pullback along the inclusion afi A Y 
where N° is the normal bundle of afi^ in Y, This maps further to Xt x (N° x ) via the pullback 
map H^(a,fl° x ) -> (e^) where JV^ is the fiber of JV° at e M . Since the normal bundle JV° is 
T-equivariantly identified with a£/ A , the equivariant chart ip\ given at (|2.5p allows us to find the 
weight of the representation T\ rx N ex to be 

(4.6) JJ V(k,l)\ as an element of Lie(T)g/(y A ) = Lie(T A )z. 

(/M)6inv(A) 

This proves the case when ^ = A. The case ^ ^ A follows from e M ^ ail a (Proposition 12 . 71) . □ 
It is a well-known fact that S A | A = H(k,l)einv{X)(y(k,l)X ~ Ux) an d S\\\ = for all ^ ^ A 
(c.f. [H]). Also a class having such values at fixed points is unique [161 LEMMA 1]. Therefore 
Proposition ^. 51 together with the diagram 14.51 has the following immediate corollary. 

Corollary 4.6. For each A £ Q}, h*{S x ) = aS A . 

The next proposition is also immediate from Proposition 14.51 

Proposition 4.7. 

fo if n^\, 

[ ll(fe,/)einv(A) \V{k,i)x - ~^y* ) */ M = A. 

Proof. Since wS x := (wh*)- 1 (&S X ) and y (M)A - ^^Vx = V{k,l)X in Q[T*]/(y x ), we only need 
to check that 

(4.7) y {k ,i } x ~ ^^yx 6 Lie(wi?)J ® Q. 

This can be checked by a straightforward calculation. □ 
Having the upper-triangularity of the weighted Schubert classes as above, the proof of [TBI 
Proposition 1] can be applied words by words to obtain 

Proposition 4.8. {wS A } A is an H* (BwR) -module basis of i/^ R (wGr(d, n)). 
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Example 4.9. The followings is wS'24 in i?* iJ (wGr(2,4)): 



(2/23 - fffyi2)(2/24 ~ S^Wia) 




where the vertices are the elements of {2} and there is an edge for each pair of A and fj, satisfying 

\xr\fi\ = 1. 



5. Structure Constants and Positivity 

Since {wSa}a is an iiP(PwZ?)-module basis of H^ R (wGr(d, n)), we can expand their pairwise 
cup product uniquely over H*(BwR): 

(5.1) wS'aw.S,, = ^ wc^wSy where wc^ € H* (BwR). 

Knutson-Tao [16j gave an explicit combinatorial formula for the equivariant structure constants 
of the P-equivariant cohomology of Gr(d, n) in terms of the equivariant puzzles. Their 
formula of is manifestly positive in a sense that is a polynomial in tij's with non- negative 
coefficients where {it, := — j/j} is a basis of Lie(P)J- In this section, we derive the formula 
for wcj from their formula by passing it through i?T (aPl(d, n) x ) via h* and w/i* . Also we find a 
Q-basis {wm} of Lie(wR)| ® Q such that our formula of wc^ is manifestly positive with respect 
to the basis {wm} when w\ < ••• < u> n . The manifestly positive formula for the structure 
constants {wc^ } of the ordinary cohomology i?*(wGr(d, n)) is also obtained by specializing the 
one for wc^ at witi = ■ • • = wt* n -i = 0. 

We start with introducing new terminologies which extend the ones provided in [161 p. 227]. 
For every puzzle, we choose a total order on the set of equivariant pieces once and for all. 
Let P be a puzzle satisfying dP = A^ M . Let p be an equivariant piece in P, whose weight is 
wt(p) = yj — yi where j > i, i.e. p pokes out the i-th and j-th place on the south side of P. For 
each £ G {2}, we define the w-weight of p with respect to £ by 

(5.2) wt ? (p) := (yj - y,) - —^-y^ £ Q[wP*] where w(p) := - to<. 

Let (pi,--- ,Pr) be the ordered set of equivariant pieces in P. For each covering sequence 
£ k £° in {2} with k < r, we define the w-weight of P to be an element of Q[wR*] 

(5.3) wt«°--*>) := J] WfeJ n ^= lWt? * Wfe) 



l<H<--<ifc<r 
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where s is a function on {1, • • • , r} defined by 

if i < i\ 
s(i) := < I if ii < i < ij+i, / = 1, • • • , fc - 1 
k if ifc < i 

As a special case when k = 0, we have 

(5.4) wt ? (P) = w^( Pl ) ■ ■ -wt*(p r ). 

Remark that this expression (|5.3|) depends on the order of the equivariant pieces in P in general. 

Lemma 5.1. Let id be the unique minimum in {^} with respect to the Bruhat order and div the 
unique element with Z (id) = 1. Let v € {2}- TTien 



(5.5) 



a "S'div — J/id j 



(5.6) 



Proof. Since SdivU ~ Z/id — 2//x ([13 Lemma 3]) for each 6 {^}, we have 

aSdivU = 2/id - = Vid, in Q[T*]/(j/ M ). 



Therefore (|5.5[) holds: aSdiv = 2/idaSid = ?/id ■ 1- On the other hand, the equivariant Pieri-rule 
given in [16l Proposition 2] holds also in (aPl(d, n) x ) by the isomorphism h* , and hence we 
have 



(5.7) 



aS'divaS',, = (y id - y v )a,S v + E a,S v 



which, together with (|5.5p . implies 

The following is the essential equation, immediate from (|5.6p . to relate the 
the (Q[wi?*]-action in H£(aPl(d, n) x ). 

Proposition 5.2. Let p be an equivariant piece of a puzzle. Then 

w(p) „ 5 



□ 

-action to 



wt 



(p)aS„ = wt"(p)aS„ + V -^-&S U ,, in H^(&P\(d,n) x ). 

— J in.. 



Proof. Let wt(p) — yj—yi be the weight of p. The formula is obtained by multiplying (wj —Wi) jw v 
and then adding (yj — yi)&S y to the equation (|5.6|) . □ 
Now we are ready to prove the main theorem of this section. 

Theorem 5.3. For each {3}, the equivariant structure constant wc^ is given by 

( \ 



(5.8) 



E wt ^ p ) 



puzzle P 



\dP 



J 



E E wi 

— yv 1 — y puzzloQ 



(Q)- 



Remark that the w- weights in this expression depend on the orders of the equivariant pieces 
in P and Q, but wc^ doesn't depend on the order. 
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Proof. By the isomorphism h* , Theorem 2 in [16] translates to 



aSxaS^ — wt(p r ) • • • wt(pi) aS v in H^(aP\(d,n) x ), 

?7>A,/i puzzle P 

where (j>\, ■ ■ ■ ,p r ) denotes an ordered set of all equivariant pieces in P. Remark that the number 
of equivariant pieces in P must be l(X) + l{p) — l{rj). For each I < r, by applying Proposition 
repeatedly, we obtain 



wt(pi) • • • wt(pi)a5"^ = wt^pi) • • • wf(pi)a5^ + ^ ^ 



E 

. l<ii<"'<ijfe<Z 



>7J ->tj 



wt"(pj) • • • wt'fe.J • • wt'k+i) • • • wt"W-i) ' • wt" 2 (ft 2+ i) 



• • -wt^ WO • ^2 • wt" fc (p lfc+1 ) • • • wf'fa)) &V 

W v k-l ) 

It is straightforward to prove this formula by an induction on I < r. When I = r, 

vA(j> r )---wt(p 1 )aS v =wt r '(P)aS ri + E wt v ' vl '-' ,lk (P)-aS v k 



fc=i 



Therefore 



r}>\,fi puzzle P 
dP=A? 



wt v (P) ■ aS v 



J2 E wt^ 1 -- 



V 



fc=i 



£ E wt"(p)-as, + E E wt " ,r ' 1 ' 



r}>\,fi puzzle P 

/ 



dP=A 7 l 



v ^ r , k puzzle P 



E 



\ 



puzzle P 



E wf(pj + E E 



wt 



(Q) 



v^fv x ^f puzzle < 



• aS u . 



) 



Since wt"(P) and wt u >" > u > V (Q) are in 
in H* R (wGi(d, n)). 
Let 



fh* maps this equation to the desired equation 

□ 



(5.9) 



wii, := (Ui+i - Hi) 



W i+1 - Wj 



yid e 



We can easily check that {wui, ■ ■ ■ , wu„_i} is a Q-basis of Lie(wR)J<X>Q. Then the next positivity 
theorem is a direct consequence of Theorem l5.3l and Proposition 15.51 which is proved right after. 



Theorem 5.4. If w± < W2 < • • • < w n , then wc^ is a polynomial in wui,-- - ,wu„_i with 
non-negative coefficients. 
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Proposition 5.5. Let P be a puzzle whose south string is v . Suppose that P involves an equi- 
variant piece p. If w% < w% < ■ ■ ■ < w n , then wt"(p) is a linear combination ofwui, ■ ■ ■ ,wu„_i 
with non-negative coefficients. 

Proof. We prove, by induction on the length l(v), that the linear polynomial (yj — yi) — 3 Wi y u 
is a linear combination of wu±, • • • , wu„_i with non-negative coefficients for each 1 < i < j < n 
and each v S {^}. 

If l(v) = 0, the statement is obvious since v = id. We assume that the claim holds for all v' 
with l(v') < m — 1 for some integer m. Let l(v) — m. Observe 

(Vj -Vi) ~ (wj ~Wi) — 



j-1 

£ 

k—i 



[Vk+i - Vk) - (wk+i - w k ) — ) + {w k+1 - w k )(— - — 



We show that ^ — ^ is written non-negatively. Let v l , ■ ■ ■ , v m G {^} such that v — v m — > 



v l — > id, and write 



m — 1 

Vid_ _ yv_ _ sr^ I yv*_ _ y v *+i 



Wid W v \W„* W u ,+1 

where vq := id. Since v s+1 — > v s , there exists an integer 1 < a < n such that v s+1 = (a, a + l)v s , 
and therefore 

= (Va+l ~ Va) ~ (Wa+l ~ W a ) 

Wy* W v s + l W u s + l \ W v t 

By the induction hypothesis, the RHS is a linear combination of will's with non- negative coeffi- 
cients, and so is ^ — ^f- and (jjj — y.;) — (wj — Wj)^-. □ 
As a corollary of Theorem 15.31 we give an explicit formula of the structure constants in 
ff*(wGr(d,n)). For each A G { n d }, define 

wSx := C*(w5 A ) S H*(wGr(d,n)) 

where (* : H^ R (wGi(d,n)) — > H*(wGr(d,n)) is the surjection mentioned in Section HTH Under 
the natural isomorphism H* (wGi(d, n)) = H^ D (aP\(d,n) x ) that also follows from Lemma \3. 41 
this wS\ corresponds to the wD-equivariant cohomology class associated to ail a- By Propo- 
sition [2H31 those classes form a Q-basis of H*(wGr(d, n)). The structure constants wc^ of 
H*(wGr(d, n)) are defined with respect to this basis {wS\}a- Since £* is the ring homomor- 
phism given by 

H* il (wGr((i, n)) -> H* R (wGr(d, »)) <S>q Q[wR*} = H*{wGr(d, n)), 

these non-equivariant structure constants are obtained by evaluating wc^ at witi — ■ ■ ■ = 
wu„_i = 0, i.e. 

wc Ap = w Ca^( ww i = • • • = wu n _i = 0). 

In particular, the structure constants c v X(i of H* (Gr (d,n)) with respect to the ordinary Schubert 
classes Sa, that are computed in [17[ Theorem 1] also in terms of puzzles, can be obtained from 
c\ evaluating at u\ = ■ ■ ■ = u n _i =0. Here we recall that is a polynomial in u^s where 
{iM = yi+i — Vi, i — 1 7 • • • , n — 1} is a basis of Lie(R)%. 
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Corollary 5.6. Let \,fj,,v€ {5}- The structure constant wc^ is given by 



wc v = c v + E 



^( u i = - Wi,i = I, - ■ ■ ,n - 1) 



• • • W„i 



if l(\) + = 1(f) and is otherwise. If W\ < tug < • • • < w n) wc Au is non-negative for all 
\,H,v€{ n d }. 

Proof. After the evaluation, the hrst summation of 15.81 vanishes unless l(\) + — l(v) = 
since only the puzzles P without equivariant pieces can survive. Therefore, if l(\) + l(fi) = 1(f), 
by [HI Theorem 1] the first sum in the RHS of (|5.8[) becomes 

E 1 = c V 

puzzle P 
no equivariant pieces 

In the second sum, only the puzzles Q with exactly k equivariant pieces survive after the evalu- 
ation, and so the summation vanishes unless ^(A) + l(p) — l(v) = 0. Therefore the second term 
becomes, if l(X) + l(fi) = l(u), 



jz-n/ 1 -) puzzle Q 
>u h >X,fi QQ—A 7 ^ 



V £ wt^-^-(Q) 
w(pi) w(p k ) 



-WU n _j —0 



Wjji 
puzzle Q 



= E E 

jj—^v 1 puzzle ( 

„ c^iui = w i+ i -Wi,i = l,--- ,n- 1) 

>i/ fc >A,;i 

Combining these terms, we obtain the desired formula. The positivity is a direct consequence of 
the equivaraiant positivity (Theorem 15 .4[) . □ 

Remark 5.7. We can say that our positivity theorem holds for all weighted Grassmannians 
in a sense as follows: for a given wGr(d,u) with the weight w = (w\, ■ ■ ■ ,w n ), we can always 
perform a permutation on the basis {ei, ■ • • ,e„} of C n so that the new order on the weight 
is non-decreasing. Then we can re-define the Schubert classes {w5a}x to make sure that the 
structure constants are positive. 

We conclude this section by listing the equivariant weighted Pieri rule and working out a few 
examples. First, by Equation (|5 .5[) interpreted through wh* and wk*, we obtain the restriction 
of wS'div to the fixed points: 

wSdivU = Vid VX- 



Then we apply the translation formula in Proposition 15.21 to the usual equavariant Pieri rule 
(|5.7[) and obtain the equivariant weighted Pieri rule: 



Lemma 5.8 

W^divW^A = (w5 d iv|A)wS\ + ^ — wSa'. 

x^x w > 
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Remark 5.9. From the equivariant weighted Pieri rule, it is easy to show a recursive formula 
for the structure constants wc^ , in the exactly same way shown in [16l Theorem 3]: 



(5.10) 




However this equation (|5.10l) plays no role in the derivation of our main formula, while the 
recursive formula in |16j plays a crucial role in their process of obtaining the original puzzle 
formula for . 

Example 5.10 (Weighted Projective Space wGr(l,n)). By definition, aPl(l,n) x = C"\{0}. 
The weighted diagonal is 

wL> c = {(t™i+°, • • • ,r- +a ) e (C x )™ I teC x }. 

Therefore wGr(l, n) is the weighted projective space C¥f, lt ... ibn of weights bi — Wi+ a. Moreover 
the Schubert cell decomposition of aPl(l,n) x is 

C«\{0} = aO^ } n---I[aO o {1} 

where af^} = C fe_1 x C x x {0}" _fc . Thus the weighted Schubert varieties are smaller weighted 
projective spaces embedded naturally in CP^,... ibn : 

CP 6l) ... l6 „ D CF bu ... >6n _ 1 D ■ ■ ■ D C¥ blMM D CF bl . b2 D pt. 

The GKM description in Proposition 14.31 agrees with the one given in [501 Section 6] and it 
coincides with the Stanley-Reisner ring of the boundary of the (n — l)-simplex: 

F£(aPl(l, n) x ) = Q[ yi , ■ ■ ■ ,y n ]/{y x ■ ■ ■ y n ). 

With this identification, the Schubert classes &S\ are given by 

(5.11) aS{„} = 1, aS{„_i} = y n , &S{ k } = yk+i • • • Vn, aS{i} = y 2 ■ ■ ■ y n - 

where the Bruhat order is {n} < ■ ■ ■ < {1}. The equivariant weighted Pieri rule gives 

wS{ n -i} • wS* {fc} = (y n - ^Vk) w S{k} + ^ w ^{fc-i}- 
This is actually obvious in the presentation Q[yi, ■ • • , y n ]/ (j/i • • • y n )' 

Vn ■ [Vk+l ■ ■ ■ Vn) = (y n ~ J^W^ (Vk+l ' • • Vn) + J^Vk ■■■Vn- 

Example 5.11 (Relation to the work of Kawasaki [13]). In this example, all cohomologies are 
over Z-coefficients. The integral cohomology of the weighted projective space if*(CPb;Z) is 
known to be a free Z- module by the work of Kawasaki [T3 . Namely, the map 

C:C"\{0}^C"\{0}, (*!,-.. , Zn )^{z\\--- ,z b n) 

induces a map C : CP"" 1 -> CP 6 and the inclusion C* : H*(CP b :Z) -> ff*(CP;Z). Let 
u\, ■ ■ ■ , u„_i be a Z-basis of Lie(i?)J- If we represent H*(CP; Z) as 

%[Vl, ■■■ ,Vn} 

(yi- ■ - yn,ui, - ■ ■ ,u n -i) 

following [5], and identify H*(CP b ;Z) with the image of (* , then iJ*(CP b ;Z) is, as a free Z- 
module, generated by 

7i := l\ = 1, 72 := l\y n , 73 := l\y n -iVn, ■•• , 7« : = ^2/2 ■ • • Vn 
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where 

1 < i\ < • • • < iu < n 



ill i r ) il ' ' ' ^ik 

l k := l.c.m. of ' 



gcd(6 il5 -- - ,b lk ) 



On the other hand, C and the homomorphism D — > wD defined by (t, ■ ■ ■ ,t) h-> (t bl , ■ ■ ■ ,t bn ) 
induce a map (' : ED x D (C™\{0» -> EwD x wD (C"\{0}). The cohomology H^ D (C m \{0}) is 
known to be 



where {u^} is a Z-basis of Lie(wi?)J C Span z {yi, ■ ■ ■ , y n } (c.f. Example 6.1 [19]) and the pullback 
£'* sends t/, to Our non-equivariant Schubert classes aSV} live in i/^ £) (C n \{0}; Z) as the 
monomial yk+i ■ • • 2M- Since C* factors through £'* and £f^ D (C n \{0}; Z) has no Z-torsions in the 
degrees between and 2(n — 1) (see Theorem 4.2 QT|), the pullbacks of the Kawasaki's basis 
along the projection 7r : EwD x w u C n \{0} — > CPb are the following multiples of our Schubert 
classes: 

l b 

7r*(7i) = aS { „ } and n*(j k ) = — = — a&„_ fc+ n, fc = 2, 

0„-fc+20„-fe+3 ' • ' 0„ 

Example 5.12 (wGr(2,4)). Here we demonstrate the computation of the product wS^wS^. 
By the upper triangularity of the GKM description of w5*23, the product must be written by 

^13 



W523W523 = WC 23;2 3W523 + WC^ 23W1S13 + WC 23 23WS12 



where 



^23,23 = E wt23 ( P ) 

puzzle P 
dP— A 23 23 

w5 2 |,23 = E wt 13 (P)+ E wt 23 - 13 (Q) 

puzzle P puzzle Q 

^^—^23,23 ^Q~^23,23 

W^,23 = E Wt 12 (P)+ E -t 13 ' 12 ( Q )+ E Wt 23 ' 13 ^(Q). 

puzzle P puzzle Q puzzle Q 

dP=All 23 9Q=A*!, 23 aq=A^ 23 

We can compute the above from the product for ordinary Grassmannian 

^23^23 = {V4 - J/2) (2/4 ~ 2/3)^23 + (j/4 ~ 2/3)<§13 + ^12! 

or equivalently by the fact that: 

• there is exactly one puzzle P such that dP = A 23 23 with two equivariant pieces pi and 



p 2 with the weights wt(pi) = 2/4 - 2/3 and wt(p 2 ) =2/4-2/2; 

,13 

*23,23 



there is exactly one puzzle P such that 9P = A 23 23 with a equivariant piece with the 



weight 2/4-2/3; 

• there is exactly one puzzle P such that dP — A 2 § 23 without equivariant pieces. 
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Here are the computation: 



wc 23,23 



2/4 ~ J/2 - (U>4 ~ W 2 )— ) ( (j/4 
W23/ ' 



2/3 j 



wc 13 



23.23 



-23,23 



(2/4 - V3) ~ (w 4 - w 3 ) 1 

wis w 23 



I \ 2/23 

[Wi - w 3 ) 

W23 



(2/4 ~ 2/3) ~ («>4 ~ ^3) 



2/13 
Wl3 



+ (2/4 - 2/2) - (^4 - W 2 )" 



2/23 \ W4 - W3 



= 1 



W 2 3_ 

W4 — W3 104 — 102 w 4 ~ w 3 



W23 



W13 

Similarly we can also work out 



W23 



Wl3 



w5 2 3w5i4 = WC23. 14 W^i3 + WC23 !l4 wS'i2 



from S23S14 = (2/4 ~ yi)§i3- 

wc 23,14 - 



5^ wt 13 (P) = (j/4 - (w 4 - wi) 



puzzle P 



2/13 
Wl3 



wc 23,14 



E 



wt 1 



puzzle Q 

?q=aJ|, 14 



W4 — Wi 
1013 



6. Factorial Schur Functions 

We discuss the relation between equivariant weighted Schubert classes and the factorial Schur 
functions. More precisely, we show that the restriction w5a| m of the weighted Schubert classes 
can be obtained by specializing the factorial Schur functions. 

Let x — (xi, • • • , Xd) and a — (aj)i e z be sequences of variables. Let 

(xj\a) k := (Xj - 01) ••• (xj - a k ) (1 < j < d). 

The Young diagram A corresponds to each A € {2} by setting the number of boxes in the i-th 
row to be A* :— n — d + i — Xi where i = 1, • ■ • , d. The factorial Schur function corresponding to 
A (c.f. [21]) is defined by 



det 



(6.1) 

For any sequence b = (6, 
(6.2) 



sa(x|o) 



l<i,j<d 



Y\i<j( X i X j) 



The vanishing theorem ([: 
equivariant Schubert class 5a to [e M ] is given by 



let b = (6i)igz be defined by 6.; := b n +i-i. For each /j, £ {2}, let 

%) = (*w >V*)- 

[2"Tl Theorem 2.1], [THl Section 6]) shows that the restriction of the 



(6.3) 



S\\» = sx(-y(p.)\ - y). 



To generalize this equation to the weighted Schubert classes, we introduce the [i-shifted sequence 
associated to each sequence b = by 

b„ 



b» 



(bi - Wi — 



where b„ 



fc£/i 
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Theorem 6.1. For all A, fj, G {2}, we have 

vSx\ ll = 8 X (-y*(j i )\-W)- 

Proof. We rewrite (|6.3|) as 

5a U X Ili<j(-»Mi + WfJ = d<3t 

Now recall the diagram (|4.5|) . By the isomorphism ft* we can regard this equality as in 
Q[T*] /(j/u) so that we can shift it by multiples of ?/ p to obtain 

a5AUxn i<i (-(y' 1 k + (2/%)=det 

Since — (y M ) Pi + [y^)^ and — + are elements of Q[wi?*], this becomes, under 

the isomorphism wk*, 

wSaU x IW-(w")w + (v")/*) = det[(-(^) M ,| -^ i + d " i ] 1 < i , i < d . 
which is the desired equation. □ 

Remark 6.2. In fact, wS^I^ can also be obtained by specializing the weighted factorial Schur 
functions that will be introduced and studied in a subsequent paper. 

7. Appendix 

7.1. Proof of Proposition [2771 First, we show a£l\ C U p >,\a^ p - Let x G afi,\. Then there 
exists a sequence {xn}n = q C af2^ such that zjv converges to a; as iV goes to oo. By Lemma 
12.31 (xn)jj = for all r\ jt A. Therefore x n = for all 77 ^ A, i.e. a; ^ ai7° for all /1 ^ A. By the 
decomposition (|2.6p of aPl(<i, n) x , we obtain a; € U A < p ai7° . Next, we show aft\ D U m >a afi° . If 
/i ^ A, then there is a covering sequence /1 = /i s — >• — ^ • - • — s> /x 1 — s> A where s — l(fi) — l(X). 
Thus it suffices to show that a.il\ D af2° for any /1 such that fj, — > A, i.e. for some 1 < p < d, 

A*p = A p — 1 and (j, q — \ q for all q=f= p. 

Let 7/ G aJ7°. We construct a sequence {zjvjjveN C afl^ which converges to y as N goes to 00. 
For brevity, we omit the index N and write xm = x. Since any point in at/ A is determined by its 
coordinates of the indexes in {A}]J[A], we define x to be the element of a£/ A uniquely given by 

xx :=N~\ 

for all v G [A] n (MUM), 
x Pq:C , ■= |j/(Mir- - ,fiq,'-- ,fJ>d,ot)x(fj,i,--- ,/X p ,--- ,Md,A p ) 

1 (- 1 ) ,5+r 

-J/CMI)--' ,/"?>••• ,P-d,a)y(fi!, - ■ ■ ,il q , ■■■ ,/j, d ,X p )\ 

where (5 = if p < q and 8 = 1 if g < p, and a; p<! a = (— l) r x(/ii, • • • , • • • , fl p , • • • , /j^ a , A p ) 
for some integer r in the extended notation given at Section 12.21 Here we have used the decom- 
position of [A] into [A] n ({/x}UM) an d 

M\(MUM) = { Pq,a ■= {Ai,--- ,X d ,a}\{X q } I q + p and a^AU {/j p } }. 

This x is an element of afi^ since x v = for all rj G [A]- by Lemma 12.31 Indeed, if 77 G 
[A] n ({mILII/ 1 ]), then 77 G [fi\- so that x v = y^ = by y € af2°. If 77 = p g , a , then = 
A q < a, i.e. {/Ji, ■ ■ • , fl q , • • • , /id, a} G Hence, the first term of cc Pli a vanishes. Moreover, 



{-y N \-y)~ 



n?=i d "'(-(^) w + (y M )n+i- P ) 



26 



HIRAKU ABE AND TOMOO MATSUMURA 



if jj, p < a, we have {/ii, • • • ,fl p , ■■■ , /id,a} G [fj]-, and if not, fj, q < a < fi p < A p , we have 
{fii, ■ • • , fl q , • • ■ , fid, A p } G [//]—■ In both cases, the second term of x Pq vanishes. 

Since x G by x p = y^ ^ 0, we can compare x and y under the chart Vv I n feet, ip^{x) 
and ipfi(y) coincide except for the A-component, therefore x goes to y when N goes to oo, as 
desired. By the definition of x, it suffices to check that x^ = y^ for any £ G ({m}UM)\({A}]J[A]). 
Observe that £ can be written as {/Lti, • • ■ , fi qi ■ ■ ■ , a} where q ^ p and a ^ A U By the 

Pliicker relation for the sequences fi±, • • • , fl q , • • • , • • • , /i^, a and (J,%, - ■ ■ , /I p , • • • , /id, A p , /z p , 
we have 

- iMgi - -' ■,^d-,a)x{ni, - ■ ■ ,/ip, ■■■ ,Md,A p ) 

= £(//!,-•• ,/I p ,--- ,^d,a)x(fi lr -- ,fl q ,--- ,Md,A p ) 

+ • • • ,/Zg,-- - ,/Ip, ■•• ,Hd,a,Xp)x(m, - ■ ■ ,n d ) 

= y(lH,--- ,fi P ,--- ,Vd,u)y(m, - ■ ■ ,/!„••• ,Md,A p ) + (-i) <5+r a;p,, Q y M 
= y(m,--- ,fiq,-" ,Hd,a)x(m, - ■ ■ ,fX P) -- ,Md,A p ) 
where we used the definition of x p? a at the last equality. So we obtain 

since • • • ,Md> A p ) = ±iea 7^ 0. □ 

7.2. Proof of (|2.10p . Let us denote the Borel- Moore homology over Q. We first quote a 
lemma which will be used in the proof of the next proposition. 

Lemma 7.1. Lei £)"* &e i/ie closed unit disc in M. m . Let 1 : {0} D m &e i/ie inclusion. Then 
t* : i/*({0}) — > H*(D m ) is an isomorphism. 

Let 01, • • • , a m , 6 be positive integers. Then C x acts on C m by 

g-(zi, ■■■ ,z m ) = (g aiz i, ■ ■ ■ ,g am z m ) 

for any g G C x and {zi,--- , z m ) G C m . Let G := {3 G C x | g b = e}. Observe that the 
Borel-Moore homology Hi(C m /G) is defined (C m /G can be realized by an open subset of 
wP(ai,--- ,a m ,b) which can also be realized as a closed subset of a projective space for 
some integer TV). 

Proposition 7.2. 

— , , x (O. (i = 2m) 
Hi(C /G) = < V ' 

I {otherwise) 

Proof. Let D 2m = {zGC m ||z|<l}. Then the G-action on C m restricts on intD 2ro since 
GcS'cC x , and the G-equivariant homeomorphism intD 2m = C m defined by 

z 1 y (zi/VT - flj 2 ", • • ■ , z m /^W) 

induces an homeomorphism mtD 2m /G = C m /G. We calculate H i(mtD 2m / G) in the following. 

The Borel-Moore homology H*(D 2m /G) is also defined because D 2m /G is a closed subset of 
C m /G. Then, we have an exact sequence associated to the open embedding \x\tD 2m /G D 2m /G 

> Hi(D 2m /G) -> ^(int£) 2m /G) -> H ^{S 2 " 1 - 1 / G) ^ H^x{D 2m /G) ->• • • • 
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where l : S 2m 1 c — > D 2m is the inclusion. Since the spaces D 2m /G and S 2m 1 /G are compact, 
locally contractible spaces, we have 



Hi(D 2m /G) = Hi(D 2m /G) S | 
HiiS^^/G) = Hi{S 2m - x /G) 



H^ntD^/G) = 



(i = 0) 
(otherwise) , 

'Q (i = 0,2m-l) 
(otherwise). 

(see (23j Lem.14, sec. 10, chap.6]). Hence, the above exact sequence shows 

'(Q) (i = 2m) 
^0 (i^ 0,1, 2m). 

We prove H (intD 2m /G) = i?i(intD 2m /G) = 0. Since we have 

-> ^(intD^/G) H (S 2m - l /G) 4 H {D 2m /G) -> H (mtD 2m /G) 0, 

it suffices to show that H (S 2m - 1 /G) ^ H (D 2m /G) is an isomorphism. Recall that £> 2m /G is 
compact and can be embedded into M M for some M. Without loss of generality, we can assume 
that there is a sequence of closed embeddings 

{0} -> S 2m - l /G ^ D 2rn /G -> D(<-> R M ) 

such that the compositions of embeddings coincides with the natural inclusion j : {0} M> D, 
where D is the closed unit disk in R M and is the origin of K M . Out of this sequence of closed 
embeddings, we obtain 

77 ({0}) HoiS^/G) -► H (D 2m /G) -y Ho(D) 

which coincides with j» : i?o({0}) — > Hq(D). Since all the entries in this sequence are isomorphic 
to Q, it is enough to show that j* is an isomorphism which is proved by Lemma l7.ll □ 



7.3. The GKM description of H^ R (wGr(d,n)). We give an alternative proof of Proposition 
14.21 as a direct consequence of jH Theorem 7.2], by studying and 1 dimensional orbits and Lie 
algebras of isotropy subgroups of wi?. 

We start with notations. For A £ {^} and 7 £ Lie(T), we denote 7^ := Yliexli- Since 
Lie(wi?) = Lie(T)/ Lie(wD), we write an element of Lie(wi?) as [7] where 7 G Lie(wR). Define 

■= {[x] S wP(A d C") I x(X) ^ 0,x(ji) # 0,x( v ) =0(n? A,//)}. 

Let V (wx,Wfi) be the weighted projective line with weight w\ and w M . Consider a continuous 
map / : C 2 \{0} -> aPl(d,n) x defined by 

fx (if 77 = A) 

f{v,y)(v) = \ y (if v = m) 

[O (otherwise). 

Then the map / induces a continuous map / : ¥ 1 (w\,w fl ) —> wGr(d, n) which is a homeomor- 
phism onto = Xf , U {[e A ], [e M ]}. 

For brevity, let X := wGr(d, n), and denote 

Xo := {[at] G wGr(d,n) | corankwR^j = 0}, 
X\ := {[x] G wGr(d, n) | corankwiZui < 1}. 
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where wRy is the isotropy subgroup of wR at [a:] and corank wRm := (n — 1) — rankwi?^]. In 
other words, Xq is the set of wR-fixed points, and X\ is the set of and 1 dimensional orbits of 
wR. The data in the next proposition will provide us the GKM description of /f^ R (wGr(d, n)) 
(Proposition |4~2]), 

Proposition 7.3. For the wR-action on wGr(d, n), the fallowings hold: 

(1) Xq consists of the points e\ for all A € {^}. 

(2) A"i is the union of for all X and fi such that |A H fj\ = d — 1. 

(3) For any [x] € Oa^ where \X D fj,\ = d — 1, 

Lie(wR[ x ]) = {[7] G Lie(wi?) | u^7a - wa7m = °l- 

Proo/. Let [x] G wGr(d, ra), and write {A 6 {3} | xa ^ 0} = {A^, • • • , A<»}. We show 

(7.1) Lie(wR[ x ]) = {[7] £ Lie(wi?) | (w x w • • • WaCp) )7a(D = ••• = (w A (d • ••'"'am)7ac«>)}- 
By the definition of the isotropy subgroup, we have 

(7.2) wR [x] ={[t]&wR\ for some e £ C x ,i A w = e^ (l) (! < * < ?)}• 
Denoting 

H := {[t] G wR I (tj^^xW^CO"-"^) = ...= (i^P"^"*)}, 

we have wRm C if which implies Lie(wRr x i) C Lie(ii). Observe that Lie(if ) is equal to the right 
hand side of (|7.1[) . For any 7 G Lie(ff), putting E :— t X (i)/w X (i), we have t x w = u> x a)E (1 < 
i < p). So, for any s G C, we have 

(exp(s7)) A u) = exp(s7 A(i )) = exp(sw x wE) = (exp(sF)) u, A<») 

for all 1 < i < p. This shows exp(s7) G wiJu for any s G C which implies 7 G Lie(wi2r x ]). Hence, 
we obtain Lie(wRui) = Lie if, i.e. the equality (|7.ip . Now we see 

corank wRr x i = if and only if |{A G {2} | x\ ^ 0}| = 1, 
corankwii[ x i = 1 if and only if |{A G {2} | £a 7^ 0}| = 2. 

Hence, we obtain the claims (1) and (3). For (2), let X, fi G {2}, and consider Oa^i- Suppose that 
we have \Xr\/j,\ = d—1. Let us write A = {Ai, • • • , A^} C [n] and fi = {Ai, • • • , A s , • • • , A^, a} C [n] 
for some a X. Then any [x] G can be written as 

[x] = [ae\ 1 A ■ ■ ■ A e Xd + be Xl A • • • A e~\ s A • • • A e\ d A e a ] 

= [e Al A • • • A eA,_! A {ae Xa + (-l) d ~ l be a ) A e As+1 A • • • A e A J 

for some a, 6 G C x . Hence, we obtain C wGr(d, n) since aPl(d, n) x = Im A d —{0}. On the 
other hand, suppose |A fl n\ < d — 1. For any element [x] G 0\ v H wGr(d, n), we have x^ = for 
any £ ^ A, 77 because of the definition of Oxrj- The condition |A (~l rj\ < d — 1 means that all the 
coordinates of the orbifold chart ip x of [x] are zero. This means that [x] — [ex] which contradicts 
to [x] G Ox v , and we obtain Oxri H wGr(d, n) = 0. □ 
There exists a natural isomorphism between the Cech cohomology theory and the singular 
cohomology theory for any closed pair of locally contractible, paracompact, Hausdorff spaces. 
Thus, the results in [3] applies for the singular wif-equivariant cohomology: the restriction map 
H* R (X) — > H^ R (X ) is injective, and so is the connecting homomorphism H* R (X,Xo) — > 
H^ R (Xi, Xq) of the exact sequence for the triple (X, X\,Xq) since H^ R (X) is a free module 
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over H*(BwR) (Proposition 12. 13")) . Combining the exact sequences for the pair (X,Xo) and the 
one for triple (X,X\,Xq), we obtain the following exact sequence. 

Proposition 7.4. The following sequence is exact: 

-> H: R (X) -> H* R (X ) -> /^(Xi^o) 

where the middle map is the restriction, and the right map is the connecting homomorphism of 
the exact sequence for the pair (Xi,Xq). 

Now, observing that ¥ 1 (w\,w^) = CP 1 as algebraic varieties, the argument in the proof of 
Theorem 7.2 in |9 directly applies for the wi?c-action on wGr(d, n), and we obtain Proposition 
IP 
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